Abstract. We prove a Darboux-Jouanolou type theorem on the algebraic integrability of polynomial differential 1-forms over arbitrary fields.
Introduction
Ordinary differential equations appear in many branches of Mathematics and its applications. For example, occasionally the differential equations are given by a differential 1-form or a vector field on R n or C n , and in that case to better understand their solutions (in real or complex time, respectively) we can search for a first integral (a function constant along the solutions).
In that sense, the Darboux theory of integrability is classical. The foundations of this was given by J.-G. Darboux (1878) in his memory [2] , showing how can be constructed a first integral for a polynomial vector field, on R 2 or C 2 , from a large enough number of invariant algebraic curves. In fact, he proved that, if d is the degree of the planar vector field, from d+1 2 + 1 invariant algebraic curves we can compute a first integral using that curves. H. Poincaré (1891) noticed the difficulty to obtain algorithmically that invariant curves (see [6] ).
Improving the Darboux's result, J.-P. Jouanolou (1979) showed in [4] that if the number of invariant curves for a planar vector field of degree d on R 2 or C 2 is at least d+1 2 + 2, then it admits a rational first integral, and that one can be computed from the invariant curves. In fact, Jouanolou's Theorem says that if K is a field of characteristic 0 and ω is a polynomial 1-form of degree d on K n with at least d−1+n n · n 2 + 2 invariant irreducible algebraic hypersurfaces, then ω has a rational first integral, and that one can also be computed in terms of the invariant hypersurfaces.
The Darboux Integration Method is used in Physics. For example, C. G. Hewitt (1991) in [3] reveal by this method some new solutions to the Einstein field equations.
M. Brunella and M. Nicollau (1999) proved in [1] a positive characteristic version of Darboux-Jouanolou theorem: if ω is a rational 1-form on a smooth projective variety over a field K of positive characteristic p > 0 with infinitely many invariant hypersurfaces, then ω admits a rational first integral. But his proof use different tools of algebraic geometry and is not constructive.
Our goal in this paper is to give a general account of Darboux-Jouanolou integrability for polynomial 1-forms on K n , where K is an arbitrary field. In particular, to obtain a general version of Darboux-Jouanolou Criterion ( [4] , THÉORÈME 3.3, p. 102), we prove that to each field K we can associate a function N K : N × N × N → N (in fact that function depends only on the characteristic p of the field) such that:
If ω has N K (n; 2; d − 1) + 2 invariant polynomials, then ω admits a rational first integral.
The Grassmann Algebra
For the generalities explained here, consult [7] , Chapter 2: Tensor and Differential Forms.
Let V be a vector space over an arbitrary field K.
for all permutations σ ∈ S r ; it is alternanting if
The K-vector space A r (V ) is the space of all alternating r-linear functions on V .
(symmetrizing operator); and
(alternating operator).
Definition 2.3. Let f be a r-linear function and g a s-linear function on the Kvector space V . Their tensor product is the (r
We define their wedge product, also called exterior product, by
That wedge product just defined can be differ by a constant factor from the usual one in differential geometry, and we use that in order to make sense in a field of positive characteristic.
For a finite-dimensional vector space V , say of dimension n, define
With the wedge product of multicovectors as multiplication, A * (V ) becomes an anticommutative graduated algebra, called the exterior algebra or the Grassmann algebra of multicovectors on the vector space V .
Rational and Polynomial Vector Fields
Let K be an arbitrary field. Denote by K n the n-dimensional affine space (with coordinates z 1 , z 2 ,..., z n ). Also denote by K[z] the polynomial ring K[z 1 , ..., z n ] and by K(z) the field of fractions K(z 1 , ..., z n ).
, that is, a K-linear operator on K(z) that satisfies Leibniz's rule, i. e.,
A vector field X can be written as
is polynomial, i = 1,..., n, then we say that X is a polynomial vector field on K n , and in this case it is a K-derivation of K[z]. The K-vector space of polynomial vector fields will be denoted by X(K n ).
is a rational function such that df = 0 and X(f ) = 0 we say that f is a first integral or a non-trivial constant of derivation of X. In case of K = R or C the leaves {f (z) = constant} are solutions of the system X(z i ) = 0, i = 1, ..., n. We say that an irreducible polynomial F ∈ K[z] is invariant by a polynomial vector field X if F divides X(F ). In case of K = R or C, {F = 0} is a solution of the system X(z i ) = 0, i = 1, ..., n.
Rational and Polynomial Differential Forms
A rational differential 1-form ω on K n is a K(z)-linear map from the set of rational vector fields to K(z):
.., n, we say that ω is a polynomial differential 1-form on K n , and in this case it is a
If ω is a rational 1-form and f is a rational function such that df = 0 and ω ∧ df = 0 we say that f is a first integral or a non-trivial constant of derivation of ω. In case of K = R or C then {f (z) = constant} defines a foliation of K n . If ω is a polynomial 1-form we say that an irreducible polynomial F is invariant by ω if F divides ω ∧ dF . In case of K = R or C then {F = 0} is a leaf of ω.
Analogously we can define differential forms of any order. Definition 4.2. Let F be a polynomial invariant by the 1-form ω. We say that the (polynomial) 2-form
We call the elements of
.., F m be a collection of irreducible polynomials and λ 1 ,...,
Note that every logarithmic 1-form η is closed, that is, dη = 0.
Logarithmic 1-forms and Residues
Remember the Hilbert's Nullstellensatz:
, Theorem 1.5, p. 380). Let I be an ideal of K[z] and let V (I) = {z ∈ (K a ) n : f (z) = 0, ∀f ∈ I} be the algebraic variety associated to I, where K a is the algebraic closure of K. Let P be a polynomial in K[z] such that P (c) = 0 for every zero (c) = (c 1 , ..., c n ) ∈ V (I). Then there is an integer m > 0 such that P m ∈ I.
We will need something about residues. 
where Q(0) = 0 and P (x) has no terms in
Since B(0)Q(0) = 0 and A(x)P (x) has no terms in K[z p ], we conclude that the residue is Res(α · 
n . By Hilbert's Nullstellensatz, there is a point
Then, by the Hilbert theorem, there exists an integer n such that f n j is in the ideal I, and then it f j has a common factor with Π i =j f i , and it is a contradiction since every f i is irreducible. ) We can suppose that p j is a smooth point of V j . Let L j be an affine line through
has a pole at 0 with Res( dgj gj , 0) = 1. Then, from the above relation, we have
where
If α j = 0, we can put
and taking residues at 0, using Lemma 5.2 we obtain
Hence α j = 0, that is, λ j | Lj = 0. Since p j and L j are generic, we conclude that λ j = 0.
Darboux Integration Method
We explore the method of integration developed by J.-G. Darboux in [2] . The original context was of differential equation on C 2 . J.-P. Jouanolou in [4] extends the argument for 1-forms on K n , where K is an algebraically closed field of characteristic 0.
Here we consider an arbitrary field K.
then there is a logarithmic 1-form η = 0 such that ω ∧ η = 0, and we say that η is tangent to ω.
Proof. Consider the rational 1-form
Obviously η is closed (dη = 0). Also η satisfies
Remark 6.2. In case of K = R or C, from the logarithmic 1-form η above, we obtain by integration a (multivaluated, analytic or holomorphic) first integral for ω.
If K is a field of positive characteristic p > 0, define S K (d) to be the K-vector space of polynomials of degree lass than min{p, d + 1}. If K has characteristic 0, define S K (d) = S d as the K-vector space of polynomials of degree lass than or equal to d.
Take
Proof. Suppose that there are m = N K (n; 2; d − 1) + 1 invariant irreducible polynomials F 1 , F 2 ,..., F m .
The cofactors associated to the invariant polynomials are differential 2-forms of degree lass than or equal to d−1. Since the K(z p )-vector space of differential 2-forms of degree lass than or equal to d − 1 has K(z p )-dimension equal to N K (n; 2; d − 1), we have that the cofactors associated to the polynomials F i , i = 1,..., m, are K(z p )-linearly dependent. Therefore, there are constants α 1 ,..., α m in K(z p ) such that
By the above proposition, the corollary follows.
Example 6.4. Suppose ω = αydx + βxdy, where α and β are constants in K * . We can easily see that F = x and G = y are invariant. The cofactor associated to x is given by
while the cofactor associated to y is
Hence αΘ x + βΘ y = 0
y is a logarithmic 1-form tangent to ω (in characteristic p = 2 the 1-form η is linear).
then ω has a rational (polynomial) first integral.
Define the rational function (or polynomial)
We see that dG = Gη, hence ω ∧ dG = Gω ∧ η = 0 7. Darboux-Jouanolou Criterion: Proof of Theorem 1.1
Let F 1 ,..., F m be N K (n; 2; d − 1) + 2 invariant irreducible polynomials (for the 1-form ω). By the using of the cofactors associated to the invariant polynomials F 1 ,..., F m−1 , we can construct, by Corollary 6.3, the logarithmic 1-form
such that ω ∧ η 1 = 0. Analogously, we obtain
such that ω ∧ η 2 = 0 and β m = 0.
As we suppose β m = 0, the "polar divisors" of η 1 and η 2 are distinct. Hence, by Lemma 5.3, there is a rational function f ∈ K(z) − K(z p ) such that η 1 = f η 2 . Taking the exterior derivative, we obtain
Since η 1 and η 2 are closed, we conclude that df ∧η 2 = 0. In this way, since ω ∧η 2 = 0 we have that ω ∧ df = 0. Therefore f is a rational first integral for ω.
